In this paper we introduce the notion of a ternary semigroup of mappings of two sets. The ternary semigroup of mappings of two sets is a counterpart of the semigroup of mappings of a set. The purpose of the present paper is to examine the structure of the ternary semigroup of mappings. To this end, we shall use the relations constructed after the pattern of the Green's equivalences in the theory of semigroups. We shall show that the structure of the ternary semigroup of mappings of two sets is similar to the structure of the semigroup of mappings of a set, but it is more varied. Moreover, we shall give a certain clear characterization of the structure of inverses in the ternary semigroup of mappings.
Introduction
In this paper we introduce the notion of a ternary semigroup of mappings of two sets. The ternary semigroup of mappings of two sets is a counterpart of the semigroup of mappings of a set. The purpose of the present paper is to examine the structure of the ternary semigroup of mappings. To this end, we shall use the relations constructed after the pattern of the Green's equivalences in the theory of semigroups. We shall show that the structure of the ternary semigroup of mappings of two sets is similar to the structure of the semigroup of mappings of a set, but it is more varied. Moreover, we shall give a certain clear characterization of the structure of inverses in the ternary semigroup of mappings.
Some definitions and results on ternary semigroups
A ternary semigroup is a particular case of m-semigroups (cf. [4] , [5] ). We shall list some basic definitions and results concerning ternary semigroups which will be needed in this paper. DEFINITION 2.1. A ternary semigroup is an algebraic structure (A,f ) such that A is a nonempty set and / : A 3 -• A is a ternary operation satisfying the following associative law: We will often write f(x\,...,x$) instead of (2.1). If X¿ Ç A for i -1,2,3, then we set f(Xi,X 2 ,X 3 ) = {f(x1,2:2,23) G A : x¿ G X¿ for i = 1,2,3}. For simplicity we will write f(A 2 
,a, A 2 ) = f(A, A, a, A, A).
Throughout this paper the letter / will be reserved to denote the ternary operation in ternary semigroups. 
Let (A, f) be a ternary semigroup. We define the following relations on the set A:
By the same method as in semigroups we can prove that
Thus, all the above relations are equivalences. DEFINITION 
(cf. [5]]). A ternary semigroup (A, f) is said to be regular if
Va G A 3x,y G A : f(a,x,a,y,a) = a. In many areas of mathematics mutual connections between algebraic, ordered, topological structures and semigroups (groups) of some morphisms of these structures are studied. For characterizing two structures and S 2 by means of their morphisms we should consider morphisms from S\ into S 2 , and conversely. The ternary semigroups of morphisms of the structures S1 and S 2 meet above requirements, and they are useful to achieve the desirable aim. For many structures (e.g. ordered sets, lattices, affine spaces, topological spaces) using ternary semigroups of morphisms we can obtain some clear information about a degree of characterization of these structures by means of their morphisms (cf. [1] , [2] , [3] ). Taking into account the above justification and the remarks contained in Introduction, it is well-founded to investigate the ternary semigroups of mappings.
A ternary semigroup of mappings
Suppose that {jp,q),{p',q') Thus Im(p) Ç Im(p') and Im(g) Ç Im(ç'), and therefore Im(p, q) Ç Im (p',q').
(b) Assume that Im(p, q) C Im(p', q'). First, we will prove that there exist <71 G Τ (Y, X) and ρ 2 G Τ (Χ, Υ) such that ρ = ρ' ο çj ο ρ 2 . Put α = Ker(p) and a' = Ker(p'). Since Im(p) Ç Im(p'), it follows that for every χ G Χ there exists an χ' € X such that p'(x') = p(x)· Therefore, we can define the mapping h : X/a -• X/a' by the formula:
. Thus, the mapping h is well-defined. Consider the choice function w :
Proof, (a) If the condition (3.2) holds, then ρ = p\ 0 q 2 ο ρ' and q = qi op 2 o q'. Thus Ker(p') Ç Ker(p) and Ker(ç') Ç Ker(ç), and therefore Ker(p',q') Ç Ker(p,q).
(b) Assume that Ker(p',q') Ç Ker(p,q). First, we will prove that there
. We set r(p,q) = (r(p),r(g)), and r(p,q) < r(p',q') iff r(p) < r(p') and r(q) < r(q'). 4 . Thus r(p) < r(p') and r(g) < r(q'), hence
First, we will prove that there exist Proof, (a) If the condition (3.4) holds, then ρ = pi o q' op 2 and g = q l ο ρ' o g 2 . Thus r(p) < r-(g') and r(q) < r(p'), hence r(p, ç) <* r(p', g').
(b) Assume that r(p,g) <* r(p',q'). First, we will prove that there exist PI,P2 G T(X,Y) such that ρ = pi oq'op 2 . Put a = Ker(p) and β' = Ker(g').
Since r(p) = card(X/a) and r(q') = card (Υ/β'), it follows that card(X/a) < card (Υ/β'). We will define a mapping h : X Y/ß' such that Ker(h) Ç Ker(p). Consider the two cases. Assume that card(X) > card (Υ/β'). Let XO be a subset of X which has one and only one element in common with every equivalence class belonging to X/a. Hence card(Xo) < card(Y//3'). 
that (p,q),(p',q') € T[X,Y].
Then
ii) I r (p,q) = I r (p',q') ifflm(p,q) = Im(p',g'), (iii) {p,q) R (p',q') ifflm(p,q) = Im(p',q').
According to Theorem 3.2, Proposition 2.1, and Definition 2.3 we obtain the following COROLLARY 
Assume that (p,q),(p',q') G T[X,Y].
Then 
If (p,q),(p',q') G T[X,Y], then (p,q) H (p',q') iff
Ker(p, q) = Ker(p', q') and Im(p, q) = Im(p', q').
THEOREM 3.5. If (p,q),(p',q') e T[X,Y], then (p',q') e Ij(p,q) if and only if r(p',q') < r{p,q).

Proof. Assume that (p',q') G Ij(p,q). According to Proposition 2.1(d) we consider the following cases. (a) If (p',q') = (p,q), then r(p',q') = r(p,q).
(b) Suppose that (p',q') = /((ί>ι,?ι),(;>2,92),(ρ,9)) for some (ρχ, 9i),(P2,Ç2) € T[X,Y]. It follows from Theorem 3.2 that Ker(p) C Ker(p') and Ker(g) C Ker(g'). Therefore r(p') = card(X/ Ker(p')) < card(X/ Ker(p)) = r(p). Similarly, r(q') < r(q). Hence r(p',g') < r(p,q). Proof. In view of Corollary 3.5 it is enough to prove that J Ç D. • According to Proposition 3.1 and Corollary 3.4 we obtain the following
COROLLARY 3.6. If (p,q),(p',q') e T[X,Y], then (p,q) D (p',q') if and only ifr(p,q) = r(p',q').
The next result is an immediate consequence of Proposition 2.1, Theorems 3.3 and 3.4.
THEOREM 3.6. If (p,q),(p',q') G T[X,Y], then (p\q') G I c (p,q) if and only ifr(p',q') < r(p,q) or r(p',q') <* r(p,q).
Assume that (p,q),(p',q') G T[X,Y]. Notice that r(p,q) <* r(p',q') and r(p',q') <* r(p,q) iff r(p) = r(q') and r(q) -r(p').
Therefore we set τ (Ρίθ) =* r (p')9') iff r (p) = r (l') and r(q) = r(p').
LEMMA 3.1. If r(p,q) < r(p',q') and r(p',q') <* r(p,q), then r(p,q) = r(p>,q>).
Proof. Since r(p') < r(q) < r(q') < r(p) and r(q') < r(p) < r(p') < r(q), it follows that r(p',q') < r(p,q). Consequently r(p,q) = r(p',q'). m THEOREM 3.7. If(p,q),(p',q') G T[X,Y], then I c (p,q) = I c {p',q') if and only if r(p, q) = r(p', q') or r(p, q) =* r{p', q').
Proof. We have I c (p,q) = I c {p',q') iff (p,q) € I c (p',q') and (p',q') € I c (p, q) . In view of Theorem 3.6 and Lemma 3.1, applying a straightforward calculation we get the desired result.
•
The following corollary follows from Definition 2.3(c) and Theorem 3.7.
COROLLARY 3.7. If {p,q),(p',q') G T[X,Y], then (p,q) C {p',q') if and only ifr(p,q) = r(p',q') or r(p,q) =* r(p',q').
By Proposition 2.1(e) and Theorem 3.4 applying an argument similar to that in the proof of Theorem 3.5 we get the following result.
THEOREM 3.8. If {p,q),(p',q') e T[X,Y], then (p',q') e I(p, q) if and only ifr(p',q') < r(p,q) or r(p',q') <* r(p,q).
PROPOSITION 3.2. If(p,q) e T[X,Y], then I(p,q) = I c (p,q)·
The proof follows from Theorems 3.6 and 3.8. By Proposition 3.2, Theorem 3.7, and Definition 2.3(e) the following corollaries are valid.
COROLLARY 3.8. If (p,q),(p',q') G T[X,Y], then
Corollaries 3.7 and 3.8 yield This statement follows from Corollaries 3.6 and 3.7. Let S be an equivalence relation. The symbol S(x) denotes the equivalence class of S containing x. 
(p,q) G T[X,Y] and r(p) φ r(q). Then the C-class C(p, q) is the union of the two distinct D-classes
D\ and D2 defined by the formulas: Proof. Put a = Ker(p) and β = Ker(q). Define the bijections gi : X/ol Im(p) and g 2 : Υ/β -»· Im(ç) by the formulas:
and g Hence there exists an element yi G Y such that q(y\) = X\. (p',q') G
T[X,Y] is an inverse of(p,q) G T[X,Y], then (p,q) C (p',q').
Assume that E = {(p, q) G T[X,Y] : r(p) = r(q)} and E* = T[X,Y] \ E.
From Corollary 3.6 it follows that D(p, q) Ç E for every (p, q) G E. Therefore E = {J{D(p,q):(p,q)eE}.
PROPOSITION 3.4. For every C-class Co Ç T[X,Y] precisely one of the following two conditions holds: (i) Co Ç E, (ii) Co Ç E*.
Proof. Suppose that there exists a C-class Co Ç T[X,Y]
such that 
